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Abstract

In this paper, a simplified version of the magic square is used to explore the use of quantum algorithms
in relation to their construction and enumeration. Grover’s algorithm is used for their construction,
and is found to be a reasonably good alternative to similar classical alternatives. For enumeration,
the quantum counting algorithm is successfully implemented for the simple square, but their use in
counting solutions for higher order squares is questioned. The full paper is available on GitHub'.

1 Introduction

Magic Squares

History Traditionally, magic squares are
constructed from a set of positive integers
1,2,...,n%, such that every row, column and
the two major diagonals all have the same
sum, and no number is used twice.

21914
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6|18

Figure 1: A magic square of order 3, with sum 15.

Apart from their status as a mathematical
curiosity, they have historically seen use in
astrology, divination and the occult.” While
there are a handful of direct, real world ap-
plications of magic squares in areas such as
computer science and cryptography,®* per-
haps their most useful property is their links
to groups, combinatorics and matrices.” For
this paper, they will serve as a basis for ex-

ploring the applications and advantages of
quantum computation in relation to search
problems.

Construction Magic squares can be con-
structed efficiently using techniques such
as the Siamese method® for odd 7. Other de-
terministic methods, for singly and doubly
even squares, also exist.”® However, these
are not able to generate arbitrary solutions,
and will not be able to effectively enumer-
ate all possible solutions, for an n-magic
square. Stochastic methods for magic square
generation have been proposed’® using hill-
climbing and evolutionary algorithms to ex-
plore the search space. In this paper, the
intrinsic randomness that arises from quan-
tum superposition and measurement will be
used to generate arbitrary solutions to magic
squares in a similar way to these stochastic
methods.

Enumeration The number of unique solu-
tions of a magic square of order n is an
unsolved problem in mathematics for n > 5.
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It is common to refer to the number of
solutions "up to isomorphism" due to the
fact that a square’s "magic" property is con-
served by rotation and reflection. These iso-
morphisms are an important feature as they
allow the search space to be reduced signifi-
cantly for higher order enumerations. The
full sequence up to n = 5 is archived by
the On-Line Encyclopedia of Integer Sequences’

and is stated as follows:

1, 0, 1, 880, 275305224. (1)

The n = 5 results was first computed by
Schroeppel in 1973, and it marked the tran-
sition of the magic square enumeration prob-
lem from a mathematical one into a compu-
tational one.

The use of exhaustive search with com-
puters becomes extremely difficult for this
problem as n grows. Since an n by n magic
square is filled with n? digits, the total num-
ber of ways to fill in the magic square is the
number of permutations of n? elements (1n?!).
Enumeration techniques used by Schroeppel
and Lin et al.'’ use backtracking, and try to
take advantage of isomorphisms to reduce
the search space as much as possible. How-
ever, the O(n?!) complexity of the problem
suggests it would be extremely difficult to
use these same techniques for higher n.

Despite this, estimates can be made. One
estimate for the number of order 6 magic
squares is (1.7745 4 0.0016) x 10", which
was found using Monte-Carlo methods."!
This work hopes to investigate whether it’s
possible to improve upon this estimate using
a quantum algorithm known as quantum
counting.

Quantum Algorithms

In this section we describe the interdis-
ciplinary approach taken for magic square
enumeration, by making use of two quan-
tum algorithms.

Grover’s algorithm Also known as the
quantum search algorithm, Grover’s algo-

rithm'? is a quantum algorithm for unstruc-
tured search that will be used to find ar-
bitrary solutions to magic squares. These
magic squares will conform to an oracle, a
black box function that differentiates valid
solutions. The number of oracle queries
needed is O(v/N), where N is the size of
the functions” domain.

Quantum counting Quantum counting'®
is an algorithm designed to determine the
number of solutions M to an N item search
problem. Such an algorithm on a classical
computer would take ®(N) oracle calls. As
explained in section 1, the factorial growth
of the magic square enumeration problem
make this a very difficult task for classic
computers.

The number of counting qubits ¢ required
for a desired accuracy m and a probability
of finding a correct solution of 1 — € is

t=m+[log(2+(2¢)")] (@)
The upper bound for the error is |AM] is

N \ ._
IAM| < (\/ZMN+ 2m+1> 27 (3)

Hence, if f is large enough, then [AM| ~ 0
so a precise value for M can theoretically
be produced with high probability, given
enough qubits. However, quantum count-
ing needs an exponential (in ) amount of
grover iterations, meaning that finding pre-
cise values of M to large search problems
is still plagued by exponential complexity
problems.

2 Methodology

Simplified Squares

Current physical realizations of quantum
computers are quite limited in their ability,
especially those that are publicly available.
Whilst physical quantum computers are a
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very active area of research, current exam-
ples of quantum advantage over classical al-
gorithms are generally limited to specialized
experiments.'* This will drive us to investi-
gate the magic square enumeration problem
using a simplified version of the problem, in
order to run simulator experiments.

The simplified magic square used in the
experimentation section of this paper con-
sists of a 3 by 3 grid, where each cell consists
of a binary digit. The rules for a valid magic
square is that all rows and columns must
sum to the same number - we refer to this
simplified square as a ‘binary, semi-magic
square’. An example is shown in fig. 2.

0]1]1
1{0]1
11110

Figure 2: A valid binary semi-magic square. In this
example, rows and columns sum to 2.

A function that checks valid solutions to
binary semi-magic squares needs only two
operations: summing 3 binary digits, and
comparing the results of two of these sums.
In the next section, these operations are im-
plemented in a quantum circuit.

Subroutines

Full Adder The first subroutine introduced
is a full adder, shown in fig. 3. The circuit
only needs three CNOT gates and three Tof-
foli gates, and the output is stored on a two
qubit register anc, since the maximum sum
of 3bitsis1+1+1=11,.

q0 :
q1 -
q2 -
anco : ~p—b-b A
ancy : ONORO @»
¢ :/2 0 1
Figure 3: Quantum full adder. The inputs are

labelled g1 2 and the two-bit output is ancyy.

Equality Check The second subroutine
needed is an equality check. In order to
verify the equality of two sums, two adder
circuits can be used on the 6 qubits involved,
as illustrated in fig. 4. The entire circuit is
explored in more detail in the full paper.'
Grover’s Oracle

There are a total of 5 equalities, or clauses,
that must be checked in order to verify the
validity of a binary semi-magic square solu-
tion. The phrase ‘all rows and columns must
be equal’ can be written mathematically as

rH=71y=1r3=0C = C)=C3, 4)

where r; and ¢; represent the sum of row
and column i, respectively. The above equa-
tion can be split into 5 distinct equality op-
erations in a number of ways. One way of
doing so is with the following 5 clauses:

Ci: ri=mn
Cz : T =13
Ci: r3=o0 (5)
C4 . Cc1 = C2
C5 : Cr = C3

The validity of a clause can be determined
by the subroutine shown in fig. 4.

qo+ —
qit —

I

I
q2: :
[/ —

: Adder
qs: —

Adder :

g5 ——

Adder Adder

ancy : ——2 + 3
| |
P 4 | 4 |
ancy : + =
T | I
Lo oo _______ a Lo oo ________ a
cly: i
out : N

Figure 4: Computing the truthfulness of a clause
cly with uncomputation of anc. The two grouped
elements correspond to the computation and uncom-
putation steps respectively.

By repeating the pattern shown for each of
the 5 clauses, we can construct an oracle that
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Figure 5: Results of running Grover’s algorithm, varying iterations from 1 to 10, with 2048 shots each. The
maximum accuracy is found to be 99.76%, at 4 iterations. In fig. 5a, we count how many times each possible
state (from \0)9 to [1)°) is measured, and group them into correct and incorrect solutions. Correct solution
states are clearly seen to be measured with higher frequency when R is close to 4.

uses a total of 9input + 2anc + Sctause + lout =
17 qubits.

However, we can further optimize this or-
acle by reducing the amount of Adder gates
used. Clauses can essentially be ‘chained’
efficiently if they are put in the right order.
The order shown in eq. (5) is a good exam-
ple: we don’t actually need to uncompute
the r, sum after the first clause, since we can
reuse it for the second clause. This results
in significant reduction in the amounts of
gates used.

3 Results and Analysis

For the purposes of this paper, we have
used IBM’s Qiskit framework, and use
their freely available simulator to run the
quantum algorithms described. IBM’s
ibmg_QASM_simulator allows for simulating
the noise profiles of real quantum hardware,
giving a good theoretical approximation of
each algorithm’s performance. The noise
profile chosen is that of ibm_washington.

Grover’s Algorithm

Grover’s algorithm is run with the oracle
described in section 2. The maximum accu-
racy achieved occurs at 4 iterations, with the
algorithm measuring correct solution states
99.76% of the time as shown in fig. 5.

The large separation between the measure-
ment frequency of correct vs incorrect solu-
tions for 1 < R < 7 in fig. 5a suggests it can
be easy to determine the correctness of a
solution if the algorithm is run for multiple
shots, even for low R. Verification of a given
solution can be done efficiently on a classi-
cal computer in a polynomial O(n?) steps
for an n-magic square, since we simply need
to iterate over each cell O(1) times in order
to verify all the sums required. There is
therefore a tradeoff between running more
Grover iterations R to increase separability
or choosing a lower R but with more shots.
Finding an optimal balance will depend on
the speed and accuracy of the physical quan-
tum device.

Quantum Counting

The results of the quantum counting al-
gorithm are shown in fig. 6. We take one
of these states, say |¢), and compute their
phase using their binary decimal representa-
tion:

0.0111001
= Tz (6)

in a way analogous to quantum phase
estimation.

Nielsen and Chuang'® derive the equation
for the estimated number of solutions Mgt
giving the equation

0 27,
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Figure 6: Results for quantum counting with t = 7 counting qubits (4000 shots, simulator). Two states are
measured with much higher frequency than the others: i) = |01110012) and |¢") [10001115).

Mest = N'sin?(6/2). (7)

Plugging in |¢) or |¢') gives Megt = 15
This is within one to the actual count of 14.
The upper bound for the error, as stated
in eq. (3), is |AM| = 11.21 (choosing m =
t — 1) which is still quite significant. This
can be improved with more counting qubits,
although we start to reach the limits of what
can be simulated due to the high amounts
of entangled states in the algorithm.

Generalization to n-Magic Squares

n-magic square encoding The analysis on
binary semi-magic squares means we in-
stantly have a space-efficient, n?-qubit en-
coding of an n by n binary semi-magic
square. For a general magic square, we will
need to find a way to encode their state in
a quantum computer, which will also have
consequence on the oracle implementation.

An n by n magic square can be rep-
resented as a permutation of the set
{1,2,...,n%}. Since Grover’s algorithm starts
with a superposition over the state space,
the ideal encoding would be an equal su-
perposition of all possible permutations of
1,2, ..., n2>. A reversible operation that gen-
erates such a state is:

1,2,..,1%) [0)
1 n21 . ) (8)
m}(ﬁ e |1,2,..,n >|k>,

where 71, generates the kth permutation
of the sequence. Note that this requires ad-
ditional ancillary qubits that can store this
number k in order for O to be reversible.

Another solution could be to use less re-
strictive superpositions that don’t require
additionally ancillary qubits. One candidate
is the Dicke state'® |DL), corresponding to
all binary strings of length t with a Hamming
weight of k (i.e. containing k ones). For ex-
ample, for a magic square of order 3, any
permutation of

{0000, 0001, 0010, 0011, 0100,
0101, 0110, 0111, 1000}

(0]
=

will contain exactly k = 13 ones. Since the
magic square contains 1 through 9, the state
can be encoded with t = 9[log,(9)] = 36
qubits. The Dicke state |D%§> can therefore
be used, reducing N from 36! = O(10")
to 36C13 = O(10%). Note that some clearly
invalid states would be allowed, such as

{0000, 0000, 0000, 0000, 0000,
0001, 1111, 1111, 1111},
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requiring some post-processing. Finally, a
more complex superposition encoding, per-
haps inspired by the generating vectors of
Lin et al.'’ may also be able to further reduce
N by eliminating certain isomorphisms.

n-qubit addition For n-magic squares, row
and column summation could be achieved
using Draper adders,'” which perform ad-
dition in the Fourier basis by making use of
the quantum Fourier transform.

4 Conclusion

In this paper, it is shown that it is possible
to find arbitrary solutions to magic squares

using Grover’s algorithm in O(Z%Z). The cur-
rent state of quantum computing means it is
too early to determine the practical advan-
tage, or lack thereof, that a quantum alterna-
tive could have over machine learning-based
methods that generate solutions stochasti-
cally.’

As for magic square enumeration, while
section 3 demonstrates positive results for
low qubit numbers, quantum counting is
still an exponentially difficult problem, only
improving on the classical search algorithm
from O(2"") to O(Z%Z).

This paper has explored a toy example
in order to demonstrate a small subset of
the potential benefits of quantum comput-
ing. The field of experimental quantum com-
puting is currently in its infancy, patiently
awaiting the contingent arrival of full scale
quantum computers that break out of the
NISQ era. The potential for these systems
to be able to accurately simulate complex
physical models would have enormous con-
sequences in a wide array of fields across
the sciences.
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